The nonlinear Schrödinger (NLS) equation appears in fluid mechanics, plasma physics, etc., while the Hirota equation, a higher-order NLS equation, has been introduced. In this paper, a higher-order Hirota system is investigated, which describes the wave propagation in an erbium-doped nonlinear fiber with higher-order dispersion. By virtue of the Darboux transformation and generalized Darboux transformation, multi-soliton solutions and higher-order rogue-wave solutions are derived, beyond the published first-order consideration. Wave propagation and interaction are analyzed: (i) Bell-shape solitons, bright-and dark-rogue waves are found; (ii) the two-soliton interaction is elastic, i. e., the amplitude and velocity of each soliton remain unchanged after the interaction; (iii) the coefficient in the system affects the direction of the soliton propagation, patterns of the soliton interaction, distance, and direction of the first-order rogue-wave propagation, as well as the range and direction of the second-order rogue-wave interaction.
Introduction
The nonlinear Schrödinger (NLS) equation [1 -6] , one of the nonlinear evolution equations (NLEEs) with rogue-wave solutions and soliton solutions,
where i 2 = −1, has been used for the hydrodynamic rogue-waves generated by the nonlinear energy transfer in an open ocean [7] and the broadband optical pulse propagation in nonlinear fibres [8] . * denotes the complex conjugate, while µ is the envelope of the wave field and depends on the scaled spatial variable ς and temporal variable ζ [8 -12] . A rogue-wave is thought of as an isolated 'huge' wave with the amplitude claimed 'much larger' than the average wave crests around it in the ocean [13] , and also seen in other fields such as the Bose-Einstein condensates, optics, and superfluids [6, 7, 13 -15] . A soliton is a solitary wave which preserves its velocity and shape after the interaction [2] , i. e., the soliton can be considered as a quasi-particle [16, 17] . However, in the practical situations, the higher-order terms that take into account the third-order dispersion, self-steepening, and other nonlinear effects have to be added to (1) [18 -21] . Thus, with the addition of terms that are responsible for the third-order dispersion and a time-delay correction to the cubic nonlinearity introduced, in the dimensionless form, a higher-order NLS equation, also called the Hirota equation [12] ,
has appeared with the rogue-wave solutions and soliton solutions obtained [12] , where the two terms in (2) that enter with a real coefficient β are, respectively, responsible for the third-order dispersion and a timedelay correction to the cubic term. When β is equal to zero, (2) degenerates into (1). Besides, (2) can be considered as a combination of (1) and the modified Korteweg-de Vries equation [12] . The modified Korteweg-de Vries equation can describe the interfacial waves in two-layer liquids with gradually varying depth, Alfvén waves in interactionless plasmas, and acoustic waves in anharmonic lattices [22] .
In this paper, we will work on a higher-order Hirota system, or the deformed Hirota equations, which describes the wave propagation in an erbium-doped nonlinear fiber with higher-order dispersion [23 -26] :
where u is the normalized slowly-varying amplitude of the complex field envelope, g is the polarization, b means the population inversion, a, representing the strength of the higher-order linear and nonlinear effects, is a real parameter independent of the scaled temporal variable t and spatial variable x. The Lax Pairs, Painlevé analysis, one-soliton solution, infinite conservation laws, and bi-Hamiltonian representation for (3) have been attained [23, 24] . Special cases of (3) have been seen as well: When both g and b are equal to zero, (3) degenerates into (2); When both g and b are eliminated, (3) becomes a higher-order NLEE [23, 24] :
However, to our knowledge, the rogue-wave solutions, multi-soliton solutions, Darboux transformation (DT), and generalized DT of (3) have not been obtained. Beyond the first-order consideration of [25] , with the aid of symbolic computation [27 -29] , in Section 2, multi-soliton solutions and DT for (3) will be obtained. In Section 3, rogue-wave solutions and generalized DT for (3) will be attained. In Section 4, soliton and rogue-wave interaction and propagation will be discussed. Section 5 will be the conclusions.
Darboux Transformation and Soliton Solutions for (3)
In this section, we will derive both the DT and Nsoliton solutions of (3). Lax pairs for (3) are [23, 24, 30, 31 ]
with
where T represents the transpose of a matrix or vector, λ is a parameter independent of x and t, and ψ 1 , ψ 2 are both functions of x and t. The compatibility condition U t −V x +UV −VU = 0 leads to (3) [23, 24] . For describing the DT of (3), by virtue of a natural number κ, we will introduce a sign [κ] on the upper right corner of a function or matrix ϒ , i. e., ϒ [κ] , that represents a new function or matrix ϒ [κ] coming from ϒ via the κ-fold operations and has the same variables as those of ϒ . Especially
be the solutions of Lax Pairs (5) at u and λ = λ s , where λ s are all the parameters independent of x and t, η s and φ 1k (η s ) (k = 1, 2) are all the functions of x and t. The first-step DT matrix M [1] has the form of [4, 6, 32 -37] 
where (H [1] ) −1 is the inverse matrix of H [1] . Therefore, by virtue of (8), the first-order solutions of (3) can be given as
Taking the seed solution u = 0 and
in (9), by virtue of (3), we can obtain the one-soliton solutions u [1] , g [1] , and b [1] as
For the two-soliton solutions, we take the secondstep DT matrix M [2] as [4, 6, 33 -37]
where
and take
Thus, by virtue of (3), the two-soliton solutions u [2] , g [2] , and b [2] can be obtained as
We note that (11) and (15) are both the solutions of (1) when a = 0. With such a process, the N-soliton solutions can be derived. We take the N-th step DT matrix M [ j] 
Thus, the N-soliton solutions u [N] are
Generalized Darboux Transformation and Rogue-Wave Solutions for (3)
In this section, the generalized DT [6, 34] will be used for the rogue-wave solutions of (3). We assume that
is a solution for Lax Pairs (5) at u = u and λ = ζ 1 + δ , where − → Θ is a vector function of x and t, u is solution of (3) while ζ 1 and δ are both the parameters independent of x and t. Expanding
where 1, 2 , . . .) are all the vector functions of x and t. It can be shown that − → Ξ 0 is a solution of Lax Pairs (5) at u = u and λ = ζ 1 [6] .
By virtue of DT (7), the generalized DT matrix M for the first-step generalized DT of (3) is given as
where (φ 11 , φ 12 ) T = − → Ξ 0 . Thus, the first-order solutions u [1] for (3) are
As the second-step generalized DT, using DT (22) for (20) and taking the limit process [6] , we have
We find a solution (φ 21 , φ 22 ) T for Lax Pairs (5) at u = u [1] and λ = ζ 1 . This allows us to find the second-order solutions u [2] of (3):
If we continue such a process, the third-and fourthstep generalized DTs for (3) might be obtained. Let us consider the rogue-wave solutions for (3). We take the plane waves as the seed solutions,
Then, the solution − → Θ (x,t; h) for Lax Pairs (5) at λ = ih is
and h is a parameter independent of x and t. Taking h = 1+ε 2 and expanding the vector function − → Θ (x,t; ε) at ε = 0, we have
where ε is a parameter independent of x and t,
, (30a)
By virtue of (3), (23) , and (30a), we can obtain the first-order rogue-wave solutions u [1] , g [1] , and b [1] as
g [1] = g [1] g [1] ,
By virtue of (3), (25) , and (30b), we can obtain the second-order rogue-wave solutions u [2] , g [2] , and b [2] as u [2] = u [2] u [2] e −it , g [2] = g [2] g [2] 2 e −it , b [2] = b [2] b [2] ,
where u [2] , u [2] , g [2] , g [2] , b [2] , and b [2] are all exhibited in the Appendix. We note that the rogue-wave solutions of (3) can not degenerate into the solutions of (1), like the soliton solutions.
If we continue such a process, the third-and fourthorder rogue-wave solutions for (3) might be obtained.
Wave Interaction and Propagation
In this section, the soliton and rogue-wave interaction and propagation will be investigated. Since the functions |g| = 0 and b = 0 according to (11) and (15), we will mainly plot the figures for |u| in Figures 1 -3 . Figures 1 and 2 show that the u field is a bell-shape soliton while the g and b fields are both equal to zero. Moreover, Figures 1 and 2 show that a has an effect on the direction of soliton propagation, i. e., Figure 1a exhibits that the direction of soliton propagation is consistent with the negative x-axis when a = −2; Figure 2a shows an example of the stationary solition of (3) when a = −1; Figure 2b displays that the direction of the soliton propagation is consistent with the positive xaxis when a = 0. (ii) Coefficient a has an effect on the two-soliton interaction, i. e., Figure 3a shows that the one-bell-shape soliton catches up with the other soliton when a = 1; Figure 3b shows the two-bell-shape-soliton head-on interaction when a = −1; Figure 3c shows that the one-bell-shape soliton catches up with the other soliton when a = 0.
(iii) The two-soliton interaction is elastic, i. e., the amplitude and velocity of each soliton remain unchanged after the interaction. Figures 4 and 5 show that the coefficient a has an effect on the distance of the first-order rogue-wave propagation: it is longer in Figure 5 than in Figure 4 when a = 0 in Figure 4 and a = 1 3 in Figure 5 . Figures 5 and 6 exhibit that the coefficient a has an effect on the direction of the first-order rogue-wave propagation, i. e., Figure 5 shows that the direction of the first-order rogue-wave propagation is consistent with the positive x-axis when a = 1 3 ; Figure 6 shows that the direction of the first-order rogue-wave propagation is consistent with the negative x-axis when a = − Figures 4 -6 exhibit that u is a bright rogue-wave and has one wave crest and two troughs, g is a dark rogue-wave and has four troughs while b is a bright-rogue wave and has two wave crests and two troughs.
Figures 7 and 8 display that the coefficient a has an effect on the range of the second-order rouge-wave interaction: it is larger in Figure 7a than in Figure 8a , it is larger in Figure 7b than in Figure 8b , and it is larger in Figure 7c than in Figure 8c when a = 0 in Figure 7 and a = − 1 6 in Figure 8 . Figures 8 and 9 show that the coefficient a has an effect on the direction of the second-order rogue-wave interaction: Figure 8 shows that it is consistent with the negative x-axis when a = − it is consistent with the positive x-axis when a = 1 3 . By the way, Figures 7 -9 exhibit that u is a bright roguewave and has one wave crest and four troughs, g is a dark rogue-wave and has eight troughs while b is a bright rogue-wave and has four wave crests and four troughs. Figures 4 -9 show that the dark rogue-wave |g| is different from the anti-eye-shaped dark roguewave in [38] .
Conclusions
Equation (1), the NLS equation, appears in fluid mechanics, plasma physics, etc. However, in the practical situations, the higher-order terms that take into account the third-order dispersion, self-steepening, and other nonlinear effects have to be added to (1) . Thus, a higher-order NLS equation, or the Hirota equation, i. e., (2), has been introduced.
In this paper, the set of (3), a higher-order Hirota system, or a set of the deformed Hirota equations, which describes the wave propagation in an erbiumdoped nonlinear fiber with higher-order dispersion, has been investigated, beyond the first-order consideration, with our results as follows:
(i) Multi-Soliton Solutions (19) and High-Order Rogue-Wave Solutions (32) for (3), generated via the DT and generalized DT, respectively, have been attained. (ii) Solitons propagation and interaction have been analyzed: Figures 1 and 2 have exhibited that the u field is a bell-shape soliton while the g and b fields are both equal to zero. The coefficient a has an effect on the direction of soliton propagation: Figure 1a has shown that it is consistent with the positive x-axis when a = −2; Figure 2a has displayed an example of the stationary soliton when a = −1; Figure 2b has exhibited that the direction of soliton propagation is consistent with the negative x-axis when a = 0. Figure 3 has shown the interaction between the two solitons, where the u field represents the two bell-shape solitons. Besides, Figure 3 has exhibited that the coefficient a has an effect on the two-soliton interaction: Figure 3a has shown that the one-bell-shape soliton catches up with the other when a = 1; Figure 3b has exhibited the two-bell-shape soliton head-on interaction when a = −1; Figure 3c has shown that the one-bellshape soliton catches up with the other when a = 0. Moreover, Figure 3 has displayed that the two-soliton interaction is elastic, i. e., the amplitude and velocity Fig. 8 (colour online) . Second-order rogue-wave interaction as given by (32) with a = − of each soliton remain unchanged after the interaction.
(iii) Rogue-wave interaction and propagation have been analyzed:
Figures 4 and 5 have displayed that the coefficient a has an effect on the distance of the first-order rogue-wave propagation: it is longer in Figure 5 than in Figure 4 when a = 0 in Figure 4 and a = Figures 5 and 6 have exhibited that the coefficient a has an effect on the direction of the first-order roguewave propagation, i. e., Figure 5 has shown that it is consistent with the positive x-axis when a = 1 3 , and Figure 6 has displayed that it is consistent with the negative x-axis when a = − 1 3 . Figures 7 -9 have shown Second-Order RogueWave Solutions (31) of (3). It has been found that the second-order rogue wave has the same properties as those of the first-order:
Coefficient a has an effect on the range of the second-order rogue-wave interaction: the range in Figure 7a is larger than that in Figure 8a , the range in Figure 7b is larger than that in Figure 8b , and the range in Figure 7c is larger than that in Figure 8c when a = 0 in Figure 7 and a = − 1 6 in Figure 8 . Coefficient a has an effect on the direction of the second-order rogue-wave interaction: Figure 8 has shown that it is consistent with the negative x-axis when a = − 1 6 , and Figure 9 has displayed that it is consistent with the positive x-axis when a = 
